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' Abstract 

' In this paper we expand on some results exposed in a previous one, in which we introduced 

the concept of inessential and strongly inessential generators in a standard basis of a saturated 
homogeneous ideal. The appearance of strongly inessential elements seemed to be a non 
generic situation; in this paper we analyze their presence in a perfect height 2 ideal with the 
greatest number of generators, according to Dubreil's inequality. 
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^ . 1 Introduction 

In a previous paper [2] we introduced the concept of strongly inessential element (briefly s.i.) in a 
homogeneous ideal 3 c K[Xi, X n ], Our first idea, when we started to think about essential and 
inessential elements of a standard basis (see [2], n.3), was that every homogeneous ideal should 
have a standard basis consisting of essential forms, but we very soon found many counterexamples. 
Therefore, our next conjecture was that the assertion might be true for a sufficiently general ideal. 
In this paper we thus investigate the structure of e- maximal bases ([2] Definition 5.1) and, as a 
consequence ( [2] Theorem 5.1), the presence of s.i. elements, in what seemed to be the easiest 
^ ■ situation, that is when 3 is a perfect height 2 ideal. In this case, it is possible to associate to every 

13(3) a Hilbcrt-Burch matrix( [H],[TS]) an d to decide the nature of the forms of B(3), with respect 
to essentiality, just looking at the ideals generated by the entries of its columns ([2). 

We observe that, if the multiplicity e(3) ([TO], [UJ, [IB]) is low, our first idea was correct; more 
precisely, if e(3) < 6, then every standard basis consists of essential elements, while, if 6 < e(3) < 9, 
3 has at least a standard basis whose elements are all essential. 

To deal with the problem when the multiplicity is > 9, we observe that strong inessentiality is 
preserved modulo a regular sequence (while essentiality is not). So, the first case to be considered 
seems to be the one of zero depth. As the general case still appears hard to be analyzed, we 
replace the family of all perfect height 2 ideals with its subfamily F = {J n>2 F[ n ]i where F [n] is 
the set of all perfect height two ideals in S — K[Xi, ...,X n ],n > 2, whose standard bases are of 
maximal cardinality with respect to Dubreil's inequality ( 9 ). In a previous paper [JJ, in fact, 
we found a description of F that is of help in dealing with the problem considered here. So, as 
we restrict our attention to the ideals of zero depth, we study F[2}. For every ideal 3 € F[2], we 
produce a canonical Hilbcrt matrix, with the property that its corresponding basis is e-maximal, 
which means that its inessential elements are s.i.. Using such a matrix, we prove that the number 
of s.i. elements appearing in an e-maximal basis is linked to the greatest common divisor $ of 
its generators of minimal degree a(3); in fact, it depends on the decomposition of $ into linear 
factors (see Theorem 14. ip . More precisely, we prove that 3 has a basis of essential elements iff all 
the linear factors of $ are distinct; therefore, the generic 3 e F[2] has this a property. 
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The description of the e-maximal bases is much more complicated when we pass from F[2] to 
F[3]. The Hilbert-Burch matrix of any element 3 S F[3] can be obtained by lifting the Hilbert- 
Burch matrix of its image 5 G F[2] modulo any linear form, regular for S/3 ([I]); however, it may 
happen that there exists some 3 with the same number of s.i. elements of 3 in any e-maximal 
basis, among the ideals of F[3] lifting 5 € ^[2], but there are also cases in which no lifting of 
5 preserves a s.i. element. We prove that the greatest expected number of s.i. generators in a 
standard basis of 3 € F[3] is a(3) — 2 and that this number is attained. So, we focus on the set 
S C F[3] of the ideals with a(3) — 2 s.i. generators in their e-maximal bases, finding some of their 
properties and giving examples. In particular, we completely describe the ideals 3 generated in 
two different degrees, with a(3) = 3 and a s.i. element in any e-maximal basis. 

2 Background and Notation 

Let S = K[Xi, ...,X n ], where K is an algebraically closed field, be the coordinate ring of P n_1 , 

3 = ®3(j,d £ N, a homogeneous ideal of S, and 9Jt = (X±, X n ) be the irrelevant maximal 
ideal. We recall some basic definitions. 

The Hubert function of 5/3 ([13])! denoted H(S/3, — ), is the function defined by 

H(S/3,t) = dim K (S/3) t . 

It is well known that for t 3> the function H(S/3,t) is a polynomial, with rational coefficients, 
of degree r(S/3) — 1, where r(S/3) is the Krull dimension of S/3. 

If A denotes the difference operator on maps from Z to Z, defined by A</>(t) = <f>(t) — <f>(t — 1), 
the function 

T(3,t) = A< s /^H(S/3,t) 

is called the Castelnuovo function of 3, while A r ^ s ^ S) H(S/3,t) is, for large t, a natural number 
e(3), independent on t, which is called the multiplicity of S/3, or also of 3. 

Definition 2.1 (|8J) A standard basis 23(3) of 3 is an ordered set of forms of S, generating 3, 
such that its elements of degree d define a if -basis of 3 ( i/(3d-i-S'i)([Z],[H],[5], [12]). 

It is well known ([5]) that the degree vector of 23(3) , with non decreasing entries, does not 
depend on the basis; a(3) denotes its first entry, v(3) the number of entries, v(3,t) the number 
of entries equal to t. Moreover, if ht{3) > 1, (3(3) is the minimal degree t such that GCD(3t) = 1. 

The following theorem links a(3) to v{3). 

Theorem 2.1 (Dubreil)([71 HJ |S]) Let 3 be a homogeneous perfect height 2 ideal. Then v(3) < 
a(3) + 1. 

According to [1 , F[n] denotes the set of all the homogeneous perfect height 2 ideals of S = 
K[Xi, ...,X n ] such that v(3) — a(3) + 1; in this paper they are called Dubreil' s ideals. In the 
special case n = 2, Theorem 1.7 ii) of [T] gives a description of every ideal of F[2] involving the 
greatest common divisor $ of its elements of degree a (3) and a decomposition of $ as a product 
of forms. 

A refinement of Theorem 12.11 ([5]) says, in particular, that, for every perfect height 2 ideal 3 
in S 

t < P{3) =$> v(3, t) < -Ar(3, t). (1) 
We say that v(3,t) is maximal when equality holds in (fTJ). 

If 3 is a perfect height 2 ideal, then a minimal resolution of 5/3 is defined by a Hilbert-Burch 
(shortly H.B.) matrix M(3) which, in turn, is uniquely determined by a standard basis 23(3) and 
by a minimal basis of its module of syzygies Syz 23(3). Its corresponding degree matrix DM (3) is 
uniquely determined by 3. 

We need some results, widely explained in [31 2], that we summarize as follows. 
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Theorem 2.2 Let 3 be a perfect height 2 ideal, p + 1 a degree in which the number v{3,p + 1) 
of generators in degree p+1 satisfies the following relation of maximality with respect to Dubreil- 
Campanella inequality 



i/(J,P + i) = r(a,p)-rp,p + i), 



(2) 



D the greatest common divisor of 3 p . Then 3 admits a basis = (DFi, DF m , G\, G„), where 
(DFi, ...,DF m )S — 3 P , so that 3 splits into two ideals 3' — (Ft, ...,F m ) and 3" = {D,G\, ...,G n ), 
which are still perfect of height 2. Moreover, there is a H.B. matrix M(3) with respect to B, with 
the following shape 



i) A G AfC™- 1 )*™ is a H.B. matrix of 3', 

ii) A H.B. matrix of 3" is (B" C), where B" = B t {F 1 ...F m ), 

iii) det C = D 

3 Strongly inessential elements of an ideal: recalls and com- 
plements 

Let 3 — ®3d,d e N,3d C Sd be a homogeneous ideal of S" = if [X\, X„]. We recall some 
definitions and results appearing in [2]. 

Definition 3.1 ([2J Definition 3.1) An element / of a standard basis B(3) is called an inessential 
generator of 3 with respect to B(3) iff 



Otherwise we say that / is an essential generator of 3 with respect to B(3). 

In the special case of perfect height 2 ideals, the essentiality of the r-th element f r of B{3) can 
be read on the ideal 3c r generated by the entries of the r-th column of any matrix of SyzB{3). 
In fact Proposition 4.1 of [2] says what follows. 

Proposition 3.1 Let 3 be a perfect codimension 2 ideal of S. Then f r G B(3) is inessential for 
B(3) iff the condition 



Definition 3.2 ([2] Definition 3.2) An element / G 3d is strongly inessential (s.i.) iff / ^ (3d-i)S 
and it is inessential with respect to any standard basis containing it. 

Definition 3.3 (|2 Definition 5.1) A standard basis is called e- maximal iff it has, in every degree 
d, exactly v e (d) essential generators, where v e {d) is the greatest number of essential generatores 
of degree d appearing in a standard basis of 3. 

Theorem 3.1 ([5] Theorem 5.1) A standard basis is e-maximal iff its inessential elements are 
strongly inessential. 




where 



3t G N, /M* C (B(3) - {f})S. 



(3i G N) M l C 3 Cr 



is satisfied. 
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Starting from Theorem 13.11 we can prove the following statement. 

Proposition 3.2 The ideal 3 C S admits a basis of essential elements iff none of its elements is 
s.L. 

Proof. Proposition 5.2 of [2] says that two different e- maximal bases contain the same number 
of inessential elements. So, 3 has a basis of essential elements iff all its e-maximal bases do not 
contain inessential elements, and we know that they should be s.L, thanks to Theorem 13. II Now, 
every s.i. element can be considered as an entry of a standard basis B(3) and from any standard 
basis B(3) it is possible to produce an e-maximal basis Bm(3), containing as a subset all the s.i. 
elements appearing in B(3) (see Proposition 5.4 in [2]). So, the e-maximal bases do not contain 
inessential elements iff s.i. elements do not exist in 3. 

I 

In other words, 3 admits a basis of essential elements iff one of its e-maximal basis (and, as a 
consequence, all of them) consists of essential elements and this is equivalent to say that 3 does 
not contain s.i. forms. 

Next proposition says that a s.i. element of 3 preserves its property modulo a linear form, 
regular for S/3. 

We will use the following notation. 

Notation If z is any element of S = K[X\, X n ] and <f> : S — > S/zS is the canonical 
morphism, then we set : <p(s) = s,Vs 6 S and (j>(A) = A for any subset A C S, if the element z 
can be understood. 

We need the following lemma. 

Lemma 3.1 [3 [8] If B is a standard basis of 3 and z 6 S is a linear form, regular for S/3, then 
B is a standard basis of 3. 



Proposition 3.3 Let s G 3 be a s.i. element and z a linear form regular for S/3. Then s g 3 is 
s.i.. 

Proof. Without any loss of generality we can suppose z = X\. At first we notice that if s is 
inessential for B(3) = B, then s is inessential for the standard basis 6(5) = B of 5. In fact we 
have: 

s £Dt* C (B - {s})S => s SOt* C (B - {a}). 

Now, let us suppose s to be s.i. and consider a standard basis B containing it, say B = 
(61,62, ■■•,6/ l ), where bi = s. Then B is a standard basis of 3, containing 6; = s and any other 
standard basis C of 5 is of the form C = BP, where P — (pji) is an invertible matrix, whose entries 
are forms in K[X 2 , X n ]. Let us observe that s — 6; G C iff pu ^ and Pij = when j ^ i. As 
a consequence, B' — BP is a standard basis containing s = bf, in B' the element s is inessential, 
as it is so in every basis in which it appears. The first part of the proof allows to conclude that s 
is inessential for C. 

I 

In section 5 we will see that the lifting of a s.i. element of 3 is not necessarily s.i. in 3. (see 
Remark 15.11) . 

A consequence of Proposition [3~3l is that if the image 3 of 3 C K[X\, ...,X n ] modulo a maximal 
regular sequence does not contain any s.i. element, the same property holds for 3. So, it seems 
convenient to start considering the problem of the presence of s.i. elements when depth (S/3) = 
(see section 3). 

In the sequel we use the following statement (see Theorem 12.21 for notation). 
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Theorem 3.2 Let 3 C S be a perfect height 2 ideal and p+la degree in which the maximality 
condition @ is verified. The following statements hold. 

i) If a form F £ 3' is s.i. in 3', then also Z?F S 3 is s.i. in 3. 

ii) G £ 3" is s.i. iff G £ 3 t , t > p and G is s.i. as an element of 3. 

Proof, i) Let F € 3' u , u < p — d, where d is the degree of D, be s.i.. Then F ^ 3' u _ 1 Si, because 
it is an element of a standard basis of 3'. As a consequence FD £ 3d+u, FD £ 3d+u-iSi, so that 
FD can be an element of some standard basis of 3. Let 

B = (DF±, ...,DF m , G\, G n ) be any basis of 3 such that F = F,. As (Fi,...,F m ) is a 
standard basis of 3' , we have 

(3t) F9Jt* c (Fi, F l+ i, F m ). 

So, for some £, the relation 

(DF)M l C ( J DF 1 ,...,CF_ 1 ,^F +1 ,..., J DF m ,G 1 ,...,G„) 

holds. 

ii) Let G be a s.i. element of 3". Thanks to Proposition 3.4 of [2] , stating that no element 
of degree a(3) can be s.i., G cannot be of the form kD, k £ K, so that t = dcgG > p + 1. 
First we observe that, as an element of 3, G can belong to a standard basis. In fact, as it is a 
form of a standard basis of 3", we have G ^ D (Jt_i)5i, so that G £ 3 t -iS\. Now, let 

B = (DFi, DF m ,Gi, Gj_i, G, G^+i, G„) be any standard basis of 3 containing G. Then 
(D, Gi, Gj_i, G, Gj + i, G„) is a standard basis of 3". The hypothesis of inessentiality of G 
as an element of 3" implies that 

(3t) GOT* c {D,Gi,...,Gi-i,G i+1 ,...,G n ). 

In other words, for every form P £ 971', we have 

GP = DV + Y,VjGj, 

so that (V, V\, Vi-i, — P, Pi+i, V n ) £ Syz 3". Condition (c) of Theorem 3.1 ([3]) says that 
V £ 3', so that GP € (DFi, DF m , Gi, Gj_i, G n ); this means that G is s.i. also as 

an element of 3. 

Viceversa, let G £ 3 t ,t > p be a s.i. element in 3. If £> = (DF\, DF m , G%, Gj_i, G, 
Gi + i,...,G„) is a basis of 3 containing G, then £>" = (P>, G\, Gj_i, G, Gj+i, G n ) is a basis 
of 3". Thanks to Proposition 5.1 of [2], it is enough to prove that G is inessential with respect 
to any basis B" = (D, Gi + A X G, Gi_i + M-lG, G, G i+ i + A. l+1 G, G n + A„G) for every 
(degree allowed) choice of A x ,..., Ai-y, A i+ i,...,A n . As B = {DF X , DF m , G\ + AiG, Gi-i + 
Aj_iG, G, Gj+i + Ai+iG, G rl + A n G) is still a standard basis of 3, G is inessential with respect 
to it. This means that 

(3t£N) Gffl* c {DF u ...,DF m ,G 1 + A 1 G,...,G^ 1 + A l ^ 1 G,G l+1 + A, +1 G,...,G n + A n G) C 
(A Gi + AiG, G,_! + Ai_iG, G l+1 + A l+1 G, G„ + A n G). 

As a consequence, G is inessential also with respect to the basis B". 

I 

Remark 3.1 Theorem 13.21 can also be proved by working on a suitable H.B. matrix of 3, taking 
into account Proposition 1.2 of [1] and Corollary 4.1 of [2J. 

Remark 3.2 It may happen that in 3 there exist s.i. elements that do not produce s.i. elements 
in 3' (see Remark 14.71) 
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Remark 3.3 For every 3 G F[n], the maximality condition required in Theorem 13.21 is verified at 
any degree. 



Proposition 13.11 suggests a situation in which all the elements of every basis of 3 are essential 
because the columns of its H.B. matrix are "short", so that they cannot generate a power of 971. 

Corollary 3.1 Let 3 be a perfect height 2 ideal of S = K[X\, X n ]. Each of the following 
conditions is enough to guaranty that in any standard basis of 3 all the elements are essential: 

i) v{3) < n + 1 

ii) a{3) < n 

•••X U ( n + 1) 

m) e(3) < 2 . 

Proof, i) and ii) are the statement of Corollary 5.1 and Remark in [2]; iii) comes from the 

a(a + 1) , * . n(n + 1) . 
inequality < e(J) , where a — a(J), just observing that e(J) < implies a < n. 

TlVflj H - 1 ) 

Remark 3.4 It is easy to find examples of ideals with e(3) — containing inessential 

elements in some standard basis; see, for instance, Example 3.1 in [2J, where n = 3, e = 6. 

Proposition 3.4 of [2J says that in degree a(3) no element is s.L. So, the existence of a basis 
of essential elements is assured if the generators of degree > a are essential. Such a condition is 
verified when in the degree matrix dM(3) = (dij), i = 1, v{3) — = 1, v{3) the inequality 
dh,v(3,a) < is verified for h — v{3) — n (and, as a consequence, for h < v{3) — n), because it 
assures that the columns Cj,j > v(3, a), have at most n — 1 elements different from zero. This 
justifies the following statement. 

Proposition 3.4 Let 3 be a perfect height 2 ideal of S = K[X\, X n ], with degree matrix 
dM(3) = (dij),i = 1, ...,v(J) — l,j = l,...,v(3). If d v r 5 }_ n> v i a ,y\ ^ 0: then 3 has a basis of 
essential elements. 

A consequence of Proposition 13.41 is the following statement. 

Corollary 3.2 Let 3 be a perfect height 2 ideal of S = K[Xi, ...,X n ]. If 

n(n + 3) 
e ( J ) < 2 ' 

then 3 has a standard basis whose elements are all essential. 

a(a + 1) 

Proof. Taking into account the inequality < e(3), we see that the hypothesis implies 

a < n. In case a < n we apply Corollary 13. II ii). In case a — n and v — u(3) < a + 1 we apply 
Corollary 13.11 i). So, the only case to be considered is a = n, v = n + 1. In this situation the 
degree matrix dAI(I) = (dij) satisfies the conditions = 1, i = 1, ...,n. Taking into account 

the rule of computation of e(3) starting from dM{3) (see [6]), it is easy to verify that the only 
values of da compatible with the hypothesis are the following ones: 

a) da = 1, 2 = 1, ...,n 

b) da = l,i^ i , d lQlQ = 2 for some i ^ 1. 
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In case a) the ideal is generated in degree a, so that we apply Proposition 3.4 of [2]. 
In case b) we have necessarily <i io ( io+1 ) = 0, so that Proposition 13.41 can be used. 



Remark 3.5 If the inequality of Corollarv l3.2l is not satisfied, there exist examples of ideals with 
s.i. elements. For instance, let us consider in S = K[X\, ...,X n ] the ideal 3, with H.B. matrix 



M{3) 



(X\ -X x 

x 2 
x 3 



-x, 
x 2 



-x. 



Xo 



\ 



-x x ) 



where the unwritten entries are zero forms. 

n % _|_ 

3 satisfies the condition e(3) = and its second generator is s.i. 



We observe that the ideals, with multiplicity e(J) = 



3n 



that do not admit a basis of 



essential elements must necessarily have as a degree matrix the one defined by 

dn = 2; d u = 1, i^l; d i{l+1) = 1, i = 1, n, 

so that they have only one generator in degree a. 

On the other side, it is possible to produce ideals with a basis of essential elements and with 
no upper limit on e(3). For instance, every ideal 3 whose dM(3) is defined by 



l,i = l, ...,n; da = 1, i = 1, ...,n-l; o?,, 



satisfies the condition of Proposition 13.41 and has multiplicity e(3) = 
arbitrarily large if h 3> 0. 



= h>2 
n(n + 1) 



h — 1 , which is 



We see that if e(3) > 



3?i 



the situation is hard to be examined , also if 3 is a perfect 



height 2 ideal. That is a reason why we restrict our attention to the subfamily F[n] (see section 
2), starting with n = 2. 



4 An e-maximal basis of 3 G J-"[2] 



Relation (1.10) in Remark 1 to Theorem 17 in [T] gives a good description of every 3 € ^[2]. With 
some change of notation, we rewrite it as follows: 



3= ^..ArSfrS + ... + $ i ...$ r S* ft _ 1 S' + * i+1 ...* r £ /St £+ ... + 3vS , /3r _ 1 S' + = 

r 

^$ i+1 ...$ r+ i5 ft 5, (3) 

i=0 

where <i>i is a form of degree 5,, ^r+i = 1 and 5t is the subset of S = K[X, Y] consisting of the 
forms of degree t. 

Let us denote Ao = 0, Aj = Si + ... + §i,i = l,--,r and A,. = S the degree of $ = $i...<I> r , so 
that we have 

r 

s = ^2s u j3i = + Si + u, 

where U = (Xi — > 0, i = 1, ...,r is the difference between two successive different degrees of 
the generators appearing in a standard basis and ao = a(3) = a. 
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In ^ , r + 1 is the number of distinct elements appearing in any degree vector a of a standard 
basis of 3; moreover, we have 

a = ((/So + £)^ 0+1] ,— > {fii + S- Aj)^,...,/^) = (a^ a+1 \a^ l] ,...,af'\...,a [ r r] ), 

where is the sequence (c, ...,c), with c repeated n times. 

The degree matrix 9JVf(J) = (<2y) is completely determined by its elements in position (i, i + 1) 
(which are necessarily 1, as M(3) is a a x (a+ 1) matrix) and by a, or, equivalently, by its elements 
in position which are 

d ll = l if i^/3 + l + Aj,j = 0,...,r-l, 

du =tj+i + l if i = /3o + 1 + A 3 -. 

Our aim is to produce an e-maximal basis of J (see Definition 13.31 ) , that allows to prove the 
following theorem. 

Theorem 4.1 Let 3 be as in ([3]) and let 

$ = $ 1 ...$ r = i/f 1 ...i/^, ^Mi = 5>l (4) 

»=i 

be a factorization of $ as a product of linear forms pairwise linearly independent. 
The number of s.i. elements appearing in every e-maximal basis of 3 is 5 — v. 
If 5 = 0, then 3 = S a S does not contain s.i. elements. 

In order to prove Theorem 14.11 it is convenient (and possible) to produce an e-maximal basis 
B(3) satisfying the following condition. 

There is a basis of its module of syzygies linking only couples of adjacent elements. (5) 

The Hilbert matrix corresponding to such a basis of Syz(B(3)) will be called the canonical 
matrix of B(3) or a canonical matrix of 3. 

Condition §5§ will be of help in checking that B(3) is an e-maximal basis. 

Let us consider first two special cases, useful to face the general situation. 

Case 1. 3 = S a S. 

Thanks to Proposition 3.4 of [2], we know that an ideal generated in minimal degree cannot 
have s.i. elements. However, in the sequel we need an e-maximal basis, satisfying condition ([5]), 
constructed according to the following Proposition. The notation L will always mean that the 
element L is omitted. 

Proposition 4.1 Let 3 = S a S. If {Lq, ...,L a } is a set of linear forms, pairwise linearly indepen- 
dent. Then B(3) = (Fi),i = 0, ...,a, Fi = Lo--.Li...L a , is a standard basis, consisting entirely of 
essential elements, whose canonical matrix is 

M = (rriij), i = 1, ...,a, j — 1, (a + 1), where : m« = i, rriiu+x) = —Li, rriij = Ootherwise. 

Proof. It is immediate to verify that the F^s are a set of a + 1 linearly independent elements 
of S a , so that they are a basis of it as a if-space. The rows of M are syzygies linking adjacent 
elements; as they are linearly independent, they are a basis of Syz (B(3)) ( see Hilbert-Burch 
Theorem, [14]), so that M is a matrix of syzygies of 3. The entries of every column Ci generate a 
principal ideal 3d', so, Proposition 13. II says that all the elements of £>(3) are essential. 

I 

Case 2. 3 is generated in two different degrees and in the lower one there is just one generator, 
so that 

3 = §S + S b S, deg$ = 8 = a(3), b = /3{3) = S + t, t > 0. (6) 

Let us consider the decomposition of $ as in ((4]), with r = 1. 
We prove first the following lemma. 
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Lemma 4.1 Let $ = H?\..H^ be any form of degree 8 in 5 = K[X,Y]. The K-space S b , 
b = 5 + t, t > 0, admits a decomposition 

V 

5 6 = $5 t 0T, T = 0r, ; , (7) 

8=1 

where a if-basis of is the ordered set Bi = (Fij),j = 1, described as follows: 

Fij = AijCi, (8) 

with 

Ay = H^- j H^_+\..H^U j -\ GCD(U,H h ) = l,h= 1, (9) 
and Cj any form of degree t + /j,i + ... + + 1, (/xq = 0), satisfying the relation 

GCD(Ci,Hi) = l. (10) 

Proof. We use induction on v. 

For v = 1 we have $ = H^,S = /i and the statement becomes T = T\, with basis Si = 
{Fij), j = 1) where 

F y = F, = AjC = H^U^C, degC = t + 1, GCD(C, H) = 1. (11) 

It is immediate to prove that Fi, F M are linearly independent, so we only have to show that 
$Stf)T = (0). For A e S t , let us suppose A$ = £)£=i ajFj = (££ =1 a^ - ^' -1 )^ This 
implies that if M must divide A = J2j=i o,jH ,l ~^U^~ 1 . For degree reason, A must be zero, so that 
a,j = 0, j = 1,...,|U. 

Let us suppose the statement true until u — 1 and prove it for v. We set $ = &Htf v and use 
the decomposition of case v = 1 with replaced by iT^" , so obtaining 

5*6 = Hy v Sb—^ lv It,, 

where T„ = (F„i, F„ M J, with F wi = A^O,, = H^-W^\ GCD(C V ,H V ) = l,degC„ = 
fc — [i v + 1, according to (fTTj). 

Using induction, we have S b -^ v = « ( 0f, T' = 0;~i T/, where T/ has the basis (F^-) 

described in the statement of Lemma OJ that is Fy = ilf ! ~ j H^_\ 1 ... 1 U°~ 1 Ci . So, we 
finally obtain 

S b = H£ v (*5 t T 1 ) T v = <f>S t T, 

where T = @Hg«T'QT v = 0^ if^T/ 0T„. It is immediate to check that (Fy) = 
(H^F^), j = 1, is the required basis of T ( = #£"7;', i = 1, (v - 1). 

I 

Remark 4.1 Each space Tj depends on the choice of the form Ci, with the link (p~0|) . So, there 
are infinitely many decompositions of the type described in ([?])• Later on, we will use some of 
them, properly chosen accordingly to the situation. 

Remark 4.2 The basis of Sb, b = a, used in Proposition 14. II is obtained accordingly to Lemma 
14.11 with the choice $ = Lo...Lb, t = — 1, Ci = H\...Hi—\. In this situation, the first summand of 
([7]) is empty, so that Sb = T. 

Proposition 4.2 Let us consider the ideal 

3 = $S + S b S, b = 5 + t, t>0, <Z> = H? 1 ...HZ v ,deg<Z> = 5. 
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i) 3 has as a standard basis the set 



Bp) = * = !,...,«, J =j(*) = 1, 



where: 




(12) 



A a = '//;'. ; : -//f: tr J '-\ GCD(Hi, u) = l 



(13) 



Ci = ET 



-t+i 



C i = H 1 H 2 ...H i - 1 U Vi , i/ i = t + /i 1 + ... + rt_i-i + 2, i>l, 



(14) 



ii) The basis Bp) satisfies condition ([5]). Its canonical matrix Mp) has as rows the basis of 
syzygies {sy}, i = 1, v, j = = 1, fa, with the lexicographic order, where: 

s u = (U t +\-H 1 ,0,...,0), 

sn = (0, 0, —.Hi, 0, ...0), i = 2, v, —Hi in position ^i + /i 2 + ••• + 

Sij = (0, ...,0, U, -Hi,0, ...,0), i = 1, j = 2,...,Hi , in position /ii + ... + + 

j + 1, /i = 0. 

So, Mp) looks as follows: 



where A — (ffly) is a square <5 x <5 matrix, whose elements different from an, au^-m are 
zero, and (an, ...,055) = ([-.H 1 ] /il , [--H 2 ] M2 , \-H v Y v ), a(i+i),j = -a« if au^djjj >i 
and a(; + i) i = [/ otherwise. 

iii) The essential elements of Bp) are : $, Fu^a, i — 1, All the other <5 — v elements of 

B(J) are s.L. 



i) This assertion is an immediate consequence of Lemma [4.11 In fact, thanks to the inequality 

Mi + M2 + •■• + Mi-i > i — 1, we can choose Cj = H\...Hi-\U Vi , so obtaining F^ as a basis 
of the -ftT-space T complementary to <&St in Sb- 

ii) The fact that the {sijj's are syzygies can be verified with an easy direct computation. 
Moreover, they are clearly linearly independent, of the expected degree and their number S 
is the rank of the module of syzygies, according to Hilbert theorem. It is easy to verify that 
the first maximal minor of M (3) is $ and (apart from a sign) the other maximal minors 
are the Ff/'s. Using Proposition 13. 11 we see immediately that the essential columns of Mp) 
(that is the columns corresponding to essential elements , see [2]) are the first one and the 
(Hi + Hi + ... + m + 1) — th, i = l...v; so, the essential elements of B are {$, Fj )/M ,i = l...v}. 

iii) The proof that all the inessential elements are s.i. is a consequence of the following Lemma 
14. 2\ stated in a form sufficiently general to be used later in a more general situation. In fact, 
the submatrix A appearing in M (3) satisfies the hypothesis of Lemma T4. 2 1 . 




Proof. 
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It is convenient to generalize the notion of inessential and strongly inessential columns of a 
matrix, as considered in [2J. 

Definition 4.1 Let A = (a.y be a matrix whose entries are forms of K[X\, X n ] such that 
deg a i:) — deg £Ji(j+i) is independent from i. A column Cj is inessential when the ideal 3c , generated 
by its entries contains a power of the irrelevant ideal. Gj is strongly inessential when every column 
Cj = HihCi = (dy), Xi G K[Xi,...,X n ], Xj = 1, dega' y = dega^, replacing Cj, is still 
inessential. 

Lemma 4.2 Let A = (a,ij),aij G Y], be a square m x to matrix such that dega^ — 

deg dj(j_|_i) < is independent from ? and satisfying the conditions: 

i) dij = if i ^ j, j + 1 

ii) an is a linear form Lj, 

hi) a(i+i)i, is any form Gi, such that Lj is not a factor of Gi if Lj =/= Li and G^ is a multiple 
of Li iff every Lj , j > i is different from L^ . 
Then the inessential columns of A are s.i. 

Proof. The inessential column we are considering is of the form Cj =' (0, 0, Lj, Gj, 0, 0), 
where Lj does not divide Gj, so that no L; divides Gj. Let us replace such a Gj with Gj = 
J2i Ci, Xj = 1 and prove that Gj is still inessential. If h is the first index for which Xh ^ 0, we 
point our attention on the column Ch (clearly, h > j). Let us distinguish two possible situations. 

i) Ch is essential, so that Ch — (0, 0, — Lh, aLh, 0, 0). In this case we have Ch ^ Cj, so 

that h < j and the entries of Ch must have the same degree of the corresponding entries of 
Cj (in particular, a G K* .) 

- If A/j+i ^ 0, let us consider Ch+i —t (0, ...0, Lh+i, Cfc+i, 0, 0). The entries of Gj in 
position and (/i+l,j) are respectively = AftL/j and c' (/i+1)i = aX h L h + X h +iL h +i, 
so that 3c*' = (Lh, Lh+i) — 9Jt, as Lh is independent from L/ l+1 . 

- If A/,,+1 = Xh+2 = ■■■Xh+u-i = 0, Xh+u 7^ 0, u > 1, then necessarily h + u > j, so that Gj 
has as elements ■ = XhLh and c' h+u — Xh+ u Lh+u, Xh+u G K*; as a consequence, also in 
this case Jc". = 9JT. 

ii) Ch is inessential, so that Ch =t (0, 0, — Lh, aLh, 0, 0), where G/j is not divisible for 

L g ,<7 = 1, . . . , to. ( As a special case, G^ might coincide with Gj.) Let us denote h + u the 
least integer v for which L v = Lh- 

1- If u = 1, then c' h j = X h L h , c[ h+ i) 3 = ^h G h + X h +iL h , so that 3 C > D (L h , G h ) 2 971*, for 
some igN. 

2- If it ^ 1 but A/j+i = 0, then d h - = Lh, c'(h + l)j = Gh, so that 3c' 3 (Lh,Gh), as in 
the previous case. 

3- If u ^ 1, A/j+i ^ 0, then = AfoLfo, c' (7l+1)j = A^G/, + A, l+ iL ft+ i, where A/,. G if* (as 
h<j). 

If Aft+i is such that c [h+i)j * s no * a multiple of Lh, we get Gj D 971* , for some t G N. However, 
for some choice of A^+i it may happen d, h+l \^ = LhP- In fact, if G/j = Mx...M s is a 
decomposition of Gh into linear factors, there exists a G if* such that Xh+x = oAfi..,M s _i 
gives c' (h+1)j . = M 1 ...M s _i(AfcM a + aL h +i), where A ft M s + aL^+i = bL h , as M s ,L /l+ i arc 
linearly independent linear forms. Let us observe that such a A^+i cannot be a multiple 
of Lh, as Gh is not so. If we replace Ch with C* x = XCh + Xh+\C\ + \Ch+i and consider 
Gj = G,* + we have a situation very similar to the previous one. In fact 

c*hj = A^L^, c* h+1)j = PL h , c h+2 ] = Xh+iGh+i, so that G h is replaced with X h +iG h +i, 
which is not a multiple of Lh- Now, we can repeat the same reasoning until when we find 
either case 2, if A, = for some i with h + l<i<h + u, or case 1, for i = h + u. 
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Remark 4.3 The essential generators of B(3) — {<!>} are exactly the ones that do not contain as 
their factors all the linear factors of <!>; more precisely, i 7 !; Mi does not contain Hi, while it contains 
as factors Hj, j ^ i. 

In the sequel we will need also bases slightly different from the one produced in Proposition 
14.21 We introduce them in the following Remarks. 

Remark 4.4 If, in the definition of Fij,i > k, Q is replaced by Ci — H\...Hk...Hi_\XJ Vi+1 (that 
is, if Hk is replaced with U), then B, obtained from B by replacing F+j with Fij = AijCi, is 
still a standard basis, whose Hilbert matrix M(3) differs from the M(3) described in Proposition 
14.21 just in the column corresponding to Fk^ k , which becomes CV- =' (0, — Hk, U, 0, ...0). The 
consequence is that the generator F^^ k = F^^ k now is inessential, while the other generators are 
changed but remain with unchanged nature. B is not an e-maximal basis, but it will erase in a 
splitting (sec Remark |4.7|) . 

Remark 4.5 Let us observe that the Fij's have U t+1 as a common factor. If we replace U t+1 by 
any form r\, of degree t+1, such that G.C.D.(r], = 1, the matrix M*(3) corresponding to the 
new basis B* differs from M(3) only in the first column. In particular, B* is still an e-maximal 
basis. 



Remark 4.6 Let us produce other H.B. canonical matrices of 3, relative to standard bases dif- 
ferent from the one described in Proposition 14.21 . They are defined as follows. 



M'{3) = 




where A! = (a^ ) is a square S x S matrix, whose elements different from a' u , a'^^ are zero, 
and 

- (a'u, a' ss ) — {—H a n), — H with a any permutation of the sequence ([l] Ml , ([2] M2 , ([t>] M "), 

- a '{i+i),i = - a ii if a u a'jjj > i and a' {i+1) i = U otherwise. 

In fact, Lemma [4.21 guaranties that all the inessential columns of M'(3) are s.i. and it is a 
matter of computation to check that the maximal minors of the new matrix are still the basis of a 
subspace T such that $St (J) T = Sb- The maximal minors of M'(3), different from $, apart from 
a sign are: (B[ = U t+1 G\...GiH (y ^H <J ( i+1 y..H a ^), i = 1, ...,5. A reasoning analogous to the one 
in the proof of Lemma \A. II shows that they are linearly independent. In fact the relation 

Bff(i) + X)»=2 = °> •••7 ^ (0, 0) 
implies that G\ divides H a (iy..H a (s), against the hypothesis. 

Moreover, let us denote T' the if-space generated by (B[, B' s ). Then &S t f] T' — (0), because 
A$ = ^ j a i U t+1 Gi...GiH (J ^H cr ^ i+ i)...H ( j^), A / 0, implies that U must divide for degree 
reason, against the hypothesis. 



Example 4.1 Let us consider the ideal 

3=(HfH%H 3 )S + S 8 S, 

where H\,Hi,H% are linearly independent linear forms. The basis considered in Proposition 
Ulis B(3) = (^,F n ,F 12 ,F 13 ,F 21 ,F 22 ,F 31 ), where $ = H?H$H 3 , F n = HlH^H 3 U 3 , F 12 = 
HiH 2 H 3 U A , Fi 3 = H 2 H 3 U 5 , F 2 \ = HiH 2 H 3 U b , F 22 — HiH 3 U 6 , F31 = HiH 2 U 6 . 
The corresponding H.B. matrix is 
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H 3 J 

where the unwritten entries are zero forms. 

The essential elements are: <1>, .F13, F22, -F31. All the other elements are s.i.. 

- If in each generator of degree 8 we replace U 3 by any degree 3 form 77, with G.C.D.(ri, $) = 1, 
we obtain a new e-maximal basis. 

- If we replace F 2 i, F22, -F31 respectively by F21 = H2H 3 U 6 , F 22 — H3U 7 , F31 = H 2 U 7 , then in 
the new matrix M(3) the Hi in (4, 4) position is replaced by U. As a consequence, Fn — Fu and 
F12 — F12 are s.i., while F±s = F13 is inessential, but not strongly and F21 ^ -F21 is s.i.. 

- If we replace F 31 by F 31 = Hill 7 (or, equivalently, in M(3) the form H 2 in position (6,6) 
is replaced by U), then F22 becomes inessential (but not strongly), while the nature of the other 
generators does not change. 



U 3 



-Hi 

U 



M(J) 



-Hi 

U -Hi 
Hi 



-Hi 
U -H 2 
H 2 



The two special cases just considered suggest us to afford the general case pointing our attention 
on the H.B. matrix, more than on the standard basis. We need a decomposition of the $'s 
appearing in (|3|) into pairwise independent linear forms, as follows 

* k =H%\..H%' k = l,...,r. (15) 

Moreover, it is convenient to choose a set of linear forms {U, Lq, Lp } such that the elements 
of the set {U, Li, H k j}, i = 0, 0o, k = 1, r, j = 1, ...,Vk are pairwise linearly independent 
and define 

$ =L ...L Po . (16) 
With this notation we can state the following proposition. 

Proposition 4.3 A canonical matrix of the ideal 3 of ([3]) is the following one 

'B C N 

M(J) = { 

where: 



MP)- 



i) B e S floX(flo+1 \ A e S SxS , C e S" 5x ^°+ 1 ), O is a zero matrix, whose elements are of degree 

< 0. 

ii) B = (bij), where: b u = b l{i+l) = — i,; 6y = if j ^ i,i + 1. 

iii) C = { Cij , where: c m+1) = C/ tl+1 ; c VJ - if (ij) ? (1(A) + 1)) 

iv) A = (dij), where: 

- dij =0i£j^i,j^i-l, 

- {an, ...,a s , s ) = ([-Hu]^\ ([-#12]^,..., ([-H lvi ]M, [-H kl ]^\ {[-H k2 ]^\ 

{[-H kVk }^\..., [-H r i)^] } ([-H r 2}^\,..., ([-H rVr ]^), 

- a (i+i)i — ~ a u if "<< f <>ij-.i ■ '■ i^&k, 
a>(i+i)i = -a il U tk if an ^ ajj.j > i, i = A k , 
a(i+i)i = -V if (3j > i) a u = ajj, j ^ A k , k < r, 
a>(i+t)i = U tk+1 if (3j > i) an = a n , i = A k , k < r. 
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Moreover, the inessential columns of M(3) are s.L. 

Proof. We first observe that the degree matrix of M(3) is the expected one. 

Let us denote 3 the ideal generated by the maximal minors of M(3) and prove that 3 is the 
one described in 

As B is the matrix considered in Proposition 14.11 it is immediate to see that 3 ao = <frSp and 
that the minors of B are linearly independent. 

The minors in degree a± have as a common factor <!>/<I>i. So, it is enough to prove that, divided 
by their common factor, they are a basis of a subspace T\ of Sf) 1 such that Sf) 1 = $iSp 1 s 1 ©Ti. 
But we are in the situation described in Lemma S3] where: 

t = t u b = /3i, $ = $i, Hi = Hu, 

d = §oL^U tl+1 a2i...a( J+1 )j, j = /tin + /ii 2 + •■• + Mi(i-i); * = 1, ->«i- 
So, let us suppose the statement true until the degree atk-i and prove it for at- Just as in the 
case k = 1, we see that all the minors have as a common factor §k+i---®r = <i>/$i...$fe. So, it is 
enough to show that, divided by this factor, they are a basis of a subspace T k of Sp k such that 
5^ = ^kS/3 k -s k ©ifc- We are again in the situation of Lemma |4~T1 with: 
t = t k , b = h, $ = Hi = H ki 

C l = *o-£'^ 1 ^ tl+1 a2i---a(A fc _ 1 +j+i)(A» i _ 1 +j), j = Mfei + Mfe2 + ••• + i = 1, -,Vk- 

Thanks to Proposition 13 - H we immediately see that the inessential columns are exactly the 
ones in which a( i+1 ) i is not a multiple of an or, equivalently, the ones whose element an is equal 
to some ctjj, with j > i. The proof that they are s.i. is a consequence of Lemma T4. 2 1 

I 

Extending the notation used in Proposition 14.21 we denote the basis linked to the canoni- 
cal matrix of Proposition SH as follows: B{3) = {B°, B 1 , B k ..., B r ) 7 where B° = (if), j = 
0, ...,/8q, B k — (F-j), fc = l,...,r, i = l, j = 1, ^i- With this notation we can state the 

following corollary. 

Corollary 4.1 i) All the elements of B° are essential. The generator i 7 * G B k is essential iff 
j = f^-ki and Hki is not a factor of it. 

ii) B(3) is an e- maximal basis and the number of its essential elements in degree bigger then a(3) 

is equal to the number v of the distinct linear factors appearing in a factorization of $. 

iii) In any e-maximal basis the essential generators appearing in degree at are as many as the 

linear factors of that do not divide $fc+i...$ r . 

iv) 3 admits a basis of essential elements iff $ is a product of distinct linear factors. 
Proof. 

i) From Proposition ^. 3l iv) we easily see that the essential columns of A are the ones whose entry 

ahh is different from every ajj,j > h. This happens iff aut = —Hki-, where Hki does not 
appear any more in the diagonal of A, in position > h. A necessary condition for 

such a situation is that the generator corresponding to that column is of the kind Fjt . . In 
this case we have: Y\j > h a jj — R$k+i-~$r, where Hki is not a factor of R. So, the condition 
characterizing the essential F^ 's is that 4>fc + i...$ r is not a multiple of Hki- From the 
equality F^. = Ilj > /t a ij T\j<h a (j+i)j we see that the previous condition is equivalent to 
say that Hki does not divide F^ . 

ii) B(3) is an e-maximal basis, because its inessential elements are s.i. (Theorem 13. II) . Moreover, 

the Hki appearing in an essential column corresponding to Ffr is a linear factor of $, 
making there its last appearing as an element of the diagonal of A. So, the essential columns 
of A are as many as the distinct linear factors of $. 
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iii) As the number of essential elements in an e-maximal basis does not depend on the e-maximal 

basis chosen, it is enough to verify the statement on the basis B(3) of Proposition In the 
proof of i) we observed that the essential elements of B k are as many as the linear factors 
Hki of <J>fc that are not divisors of 3>k+i- 

iv) This is an obvious consequence of ii). 

I 

Corollary 14.11 completes the proof of Theorem 14.11 

Corollary 4.2 Let 3 be represented as in ([3]), with = H^ 1 ...H^ k . If is the number of 
distinct linear factors that $k has in common with then any e-maximal basis of 3 has 

exactly Ylj—i (Mfc/? — 1) + r fc strongly inessential generators in degree a^. 

Corollary 14.21 implies that it is possible to find 3 € F[2] with a prescribed number of strongly 
inessential elements in a prescribed number of sufficiently high degree, as we see in the following 
proposition. 

Proposition 4.4 Let (di < d 2 < ... < d s ) and (ri, r%, r s ) be sequences of natural numbers. 
There exist ideals 3 £ F[2] with exactly rt s.i. elements in degree di, i = 1, s, iff 



Proof. Let us observe that the minimal degree S of a form $ satisfying the condition 5 — v = 
Sl=i r i i s obtained with v = 1, so that $ looks as $ = H m+1 , where m = X)i=i r « an d # is anv 
linear form. So, condition (|17p is necessary. It is also sufficient, because the ideal 



3 = H m+1 S + H™+^S dl _ {m+1 _ ri) + ... + fl-+i-EJ=i r< ^_ (m+1 _ Ef=i rj) + ... + 5 ds (18) 



obtained with the choice $j = H rj ,j = 1, (s— 1), $8 = H Ts+1 , satisfies the required condition. 
If di = 53i=i r » + 2, then (fT5|) is the unique ideal satisfying the condition. If d\ > Ti + ^, 

there are many other possibilities. In fact, the set of the ideals satisfying the required condition 
increases with the degree 5 = v + m, or, equivalently, with the number v of different linear factors 
of <f>. Let us observe that the degree vector of the ideal 3 considered in (fi"8j) is the least compatible 
with the required condition. 

I 

Remark 4.7 Every 3 S F[2] satisfies condition ([2]) ( maximality with respect to Dubreil-Campanella 
inequality) in each degree CKj. So, for every j, 3 splits into two ideals, 3' = (3 : ($j + i...$ r )) and 
3" = (3, $j + i...$ r ), both elements of F[2]. The first f3 Q + 1 + Aj rows and ^ + Aj columns of the 
matrix M(3) produced in Proposition 14.31 form a H.B. matrix of 3', whose inessential columns 
are not necessarily s.i.. In fact, it may happen that a linear factor of < j does not divide 
but divides $j + i...$ r ; so the assertion of Remark 13.21 is justified. 

Examples 4.1 In the following examples U, H, K, Lq, Li, L2 are linear forms, pairwise linearly 
independent. 

1- 3 = H 3 K 2 S 2 S + K 2 S 6 S + S W S. 

In this case we have: $ = 7J 3 ivT 2 ,$i = ff 3 ,$ 2 = K 2 , GCf ($1, $2) = 1- According to 
Proposition I4.3[ we get 



s 




(17) 



Li 



-L2 

L 2 U -H 
U 



\ 



M{3) 



-H 
U 



\ 



-H 

HU 2 -K 
U 



K) 
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The corresponding canonical basis is 

Bp) = (ff 3 X 2 (LiL 2) L L 2 , L Li); K 2 L LiL 2 U(H 2 , HU, U 2 ); L Q L x L 2 HV h {K, U)). 

There are 3 s.i. generators, according to the fact that S = 5, v = 2. Let us observe that in 
this example a s.i. generator gives rise to a s.i. generator in any splitting. 

3 = H 3 K 2 S 2 S + HKS 6 S + S W S. 

In this case we have: <& = H 3 K 2 7 $i = H 2 K, $ 2 = HK, so that all the linear factors of $i 
are also divisors of $2- According to Proposition ^. 3[ we get 



/L 



M{3) 



L 2 U 



\ 



-H 
U 



-H 
U 



-K 
U 3 



V 



The corresponding canonical basis is 



-H 

H -K 



B(3) = (H 3 K 2 (L x L 2l L L 2 , LqLi); HKL LiL 2 U{HK, UK, U 2 ); LqL^U^K, H)). 

There are 3 s.i. generators, according to the fact that S = 5, v = 2. 

Let us observe that in this case the splitting in degree p = 8 gives rise to the matrices 



M(3') = 



(L -Li \ 

L\ —L 2 

L 2 U -H 

U -H 

\ U -K J 



and, respectively, 



M{3 r 



U 9 -H 

H -K 



The 6-th column of M(3') is inessential, but not s.i.. A H.B. matrix of 3', whose correspond- 
ing inessential generators are s.i., can be obtained from M(3') just by replacing U with H 
in its 6-th column. 



3 = H 3 S 2 + H 2 S A + HS 8 + Sio. 
In this case we have: $ = H 3 , $1 = 



M(3) 



-In 
Li 



H. According to Proposition 14.31 we get: 



-Li 
L 2 U 



-H 
f/ 4 



V 



-H 

n 



U z -H ) 



There are 2 s.i. generators and the corresponding canonical basis is: 

The splittings in degrees 8 and 9 produce a new inessential, but not s.i., element in 3'. 
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5 Behaviour of 3 6 F[3] with respect to essentiality: special 
cases and examples 

According to Theorem 1.5 of I], every element 3 G F[3] has a shape very similar to the one 
described in (j3|) for the elements of F[2]. The difference is that Sp i is replaced by a linear subspace 
Tp ( C 5^ of S = K[X,Y, Z], where dim Tp i = fa + 1. The subspaces are characterized by 
Theorem 3.4 of 1.,. That theorem says that, up to a change of cohordinates, every element 3 G F[3] 
is generated by the maximal minors of an a x (a + 1) matrix, obtained by lifting to K [X, Y, Z] a 
H.B. matrix of its image 3 C K [X, Y] — S, modulo a regular linear form Z. So, 3 looks like 

3 = $ 1 ...$ r T A) 5 + ... + ■!'....-!', / , .V • *i+i...* r T ft S + ... + * r T /Jp _ 1 S + T^S = 

r 

^$ i+1 ...$ r+1 T ft 5,, (19) 
i=0 

where $j is a form in S and = 1, and its image modulo Z becomes 

3 = 9 1 ...9 r S Pa S + ... + $ i ...$ r 5 ft _ 1 5 + $i+i...# r %5 + ... + QrSp^S + S 0r S = 

r 

ii+l-^r+lSftS, = 1. (20) 

i=0 

The problem of stating if a lifting of 3 G F[2] to 3 e F[3] preserves the strong inessentiality of 
the entries of 6(5) becomes a lifting problem of H.B. matrices, which seems not easy to be solved. 
So, we start to consider a very special case. More precisely, we focus our attention on the ideals 
3 G F[3] with the largest number of s.i. generators in any e-maximal basis. If a = a(3) = a{3) is 
the minimal degree of the generators of 3, we will see that the maximal expected number is a — 2; 
we'll prove that such a number is reached. Let us first state a property for every homogeneous 
saturated ideal 3 of S = K[X\, ...,X n ]. 

Proposition 5.1 Let B — (6i, bh, Ci, Cfe), k > 1, be an e-maximal basis of the saturated 
homogeneous ideal 3 C S — K[X±, X n ], where b\,...,bh are essential and Ci,...,Cfc are s.i. 
elements. The condition depth 3 — r implies h > r. 

Proof. Thanks to Corollary 5.3 of [2., (ci,...,Cfc) is an inessential set ([2], Def. 5.2), so that 
3 = (&i, b h ) sat . As depth 3 = depth (bi,...,b h ), the hypothesis implies h > r; however, the 
equality holds iff (pi, b^) is a ci. and, as a consequence, a saturated ideal, against the hypothesis 
k > 1. 

I 

Choosing h = 2, we get immediately the following statement. 

Corollary 5.1 The largest possible number of s.i. generators in an e-maximal basis of an ideal 
3 G F[3] is a(3) - 2. 

If a(3) = 2, then 3 G F[3] has 3 generators and Corollary 15.11 savs that in every e-maximal 
basis they are essential. Let us point our attention on the case ct(3) > 2. 

We will use the following Notation 

S = {3 G F[3] : v e {3) = 3, a(3) > 2}, 

where v e {3) denotes the number of essential elements of any e-maximal basis of 3 (see [2] Def. 
5.1). 

Let us observe that any dehomogenization 3* with respect to a regular linear form of an ideal 
3 G S has just 3 generators (that is the least number for a non complete intersection), while the 
number of generators of 3 is the maximum allowed by Dubreil's inequality. 
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Proposition 5.2 For every 3 G S the form <I> appearing in (|19l) is of degree 8 = a(3) and $ has 
necessarily one of the following shapes: 

i) $ = i? 5 , 

ii) $ = i? r if s , r + s = 8, 
hi) $ = (7^,27 = 8, 

where H and K are independent linear forms and C is a quadratic irreducible form in K [X, Y, Z\. 

Proof. An immediate consequence of Proposition 13.31 is that if 3 C K[X,Y,Z] has a — 2 s.i. 
generators, then the number of s.i. generators of its quotient 3 modulo a regular linear form is 
either a — 2 or a — 1. Applying Theorem 14. II to 3, we immediately get 

6-v = a-l, 8<a, (21) 

or 

8-v = a-2, 8<a. (22) 
Relation (|2T|) is equivalent to 8 = a, u = 1, while relation (|22|) gives two possible situations: 

5 = a, v = 2 (23) 

and 

5 = a-l, v = l. (24) 

Let us verify that ([24)) is not realized. In fact in this case we have (3) a = H a ~ 1 S\ and the 
s.i. generators lie all in degree bigger than a; so, a splitting in degree a ( see Theorem 13.21) gives 
rise to an ideal 3", with a{3") = a — 1 and a — 2 s.i. generators, against Corollary 15. II 

So, $ must be a form, of degree a, whose quotient modulo any regular linear form splits into a 
product of powers of at most two different linear factors. This means that the curve $ = meets 
a generic line in at most two different points, so that $ is necessarily as described in i), ii), iii). 

I 

Remark 5.1 1- We do not have examples in which the situation iii) appears. Let us observe 
that it requires every u(3,j), j — 1, to be a power of 2. 

2- Proposition 15.21 savs that the schemes corresponding to ideals with a — 2 s.i. generators lie 
necessarily either on a multiple line or on two multiple lines or (may be) on a multiple irreducible 
conic. However this condition is not sufficient. For instance, by lifting the canonical matrix M 
of an ideal 2 of K[X,Y] with a — 1 s.i. generators with M itself, we obtain a basis for an ideal 
3 C K[X, Y, Z] without inessential elements. 

3- In case i), $ has the same structure of for every regular form L, while in case ii) and iii) 
we have generically $ = H r K s , but we get <I> = M r+S , M a linear form in K[X, Y], iff the line 
L = either is tangent to <f> = (case iii)) or meets it in its singular point (case ii)). So, it is 
possible to represent an element 3 £ S as a lifting of ideals 5 C k[X, Y] such that $ = M s , except 
for the case in which $ = H r K s and the intersection between the two lines H = and K = is 
in the support of the corresponding scheme. 

Proposition 5.3 If 3 is an element of S, let us consider its splitting into 3' and 3" (see Theorem 
12. 2[) . in degree a^, with k < r if deg$ r > 2 and k < r — 1 if deg $ r = 1. Then 3" is still an 
element of S. 

Proof. Theorem 13.21 savs that if B(3) = ($, B 1 , B 2 , B r ) is an e-maximal basis of 3, then 

B(3") = ($",S fe+1 , ...,B r ), where $" = $ fc+ i...$ r , is an e-maximal basis of 3" and the forms of 
B(3"), different from maintain the same nature they had in B(3). So, as B(3) has two essential 
elements different from $, B(3") cannot contain more then two essential elements different from 
the hypothesis on the choice of k guaranties that it has at least 3 elements; then, Corollary 
15.11 savs that B(3") must have exactly 3 essential elements, so that 3" G <S. 
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Corollary 5.2 In any e- maximal basis of an ideal 3 g S the degree of the three essential generators 
are: a = a(3), a r (3) and either a r (3) or a r -i(3). The latter possibility takes place iff in degree 
a r {3) there is just one generator. 



Proof. It is enough to apply Proposition 15.31 with k = r — 1 if in degree a r the basis B(3) 
contains at least two forms and with k = r — 2 otherwise. In fact the two essential elements of 
B(3"), not in minimal degree, must be essential also in B(3). 

I 

Now, let us produce examples of ideals of S. 

Proposition 5.4 Every 3 C K[X, Y) with a — 1 s.i. generators in any e-maximal basis has at 
least a lifting in S. 



Proof. After a possible change of coordinates, a H.B. matrix of 3 is 



M{3) 



/Y*° -X 

Y tl -X 

yti _ x 



V 



(25) 



yts-i -x J 



A lifting of M(3) with a — 2 s.i. columns is 



M(3) = 



ZPi 
ZP 2 
ZP 3 

ZPs-, 
\ZP S -i 



-X 



-X 

y*2 



-X 



-X 



-X 



-X 



(26) 

where Pi e K[X, Y, Z] is a form of degree 53}=o ^ ~ * ~ 1 a,nd, as usual, the unwritten entries are 
zero. M(3) is obtained from M(3) by leaving unchanged the last two columns and replacing the 
zero entries in position (i + = 2,..., 5 — 1, with and the ones in position (i, 1) 

with ZPi^\. It is immediate to verify that the second column is s.i. and Lemma 5.3 of [2] says 
that the same reasoning can be repeated for the following ones with three non zero entries. 

I 

Finally, let us point our attention on the ideals 3 E S with the smallest a (3) allowing the 
presence of s.i. generators. Corollary 15.11 implies that if 3 has a s.i. generator then a(3) > 3. So, 
let us look for the ideals with a(3) — 3 and just one s.i. generator in every e-maximal basis; they 
are the elements of <S with the smallest number of generators. Let us consider the special case of 
generators in two different degrees. Proposition 15.21 savs that, apart from a coordinates change, 
they can be obtained by lifting an ideal of one of the following types 



3 1 =X 3 S + S P S 1 (3 > 3, 



(27) 



3 2 = X 2 YS + SpS, p> 3. (28) 

Let us first consider all the required liftings of 3\ or, equivalently, all the liftings M(3\) of the 
matrix 



19 



Y> 


-X 














Y 


-X 


i)- 


i = /3-2, 


(29) 








Y 









having a s.i. column. M(J) has the following shape ( see [Tj) 

(Y t + ZP 1 {X,Y,Z) -X + anZ a 12 Z a 13 Z 
M(Jx)=[ ZP 2 (X,Y,Z) Y + a 21 Z -X + a 22 Z a 23 Z |. (30) 
V ZP 3 (A,y,Z) a 3 i^ Y + a 32 Z -X + a 33 Z / 

where £ K, deg _P; = t — 1. The forms P\,P 2 ,P 3 can be chosen arbitrarily among the ones 
of degree t — 1, so that we just have to characterize the matrix .4 = (a^), i,j = 1,2,3. As the 
first column of M(Ji) is essential for every choice of the a^'s, let us consider the second and third 
columns. The second column is s.i. iff the forms 

-X+anZ+\ 2 ai 2 Z+\ 3 ai 3 Z, Y+a 2 iZ+\ 2 (-X+a 22 Z)+\ 3 a 23 Z, a 31 Z+\ 2 (Y +a 23 Z)+\ 3 (-X+a 33 Z) 

are linearly independent, for every choice of A2, A3 or, equivalently, iff the matrix 

-1 an + A 2 ai2 + A 3 ai 3 N 
B = I -A 2 1 a 2 \ + X 2 a 22 + X 3 a 23 

-A3 A2 031 + A2<232 + A 3 a 33/ 

has determinant different from zero. Such a condition gives the relation 

- a V2 \l - 0^2% + (a 22 - an)A| + CH3A3 + (a 12 + a 23 )\ 2 \ 3 + 

(-a 32 + a 2 i)\ 2 + (-a 33 + an) A3 - a 3 i ^ 0. (31) 

An easy computation shows that the matrices A for which this condition is satisfied are 

fan \ 

A = a 2X an , a 3 i ± 0. (32) 
\a 3 i a 2 i an J 

Considerations very similar to the previous ones lead to the conclusion that the second column is 
s.i. iff the matrix A has the following shape 

(an ai2 
a 2 i an -ai2 | , a 12 ± 0. (33) 
a 2 i 

In case (|32|) . after the coordinate change —a\\Z + X = X' , 021^ + Y = Y', a 3 \Z = Z' and 
dropping the apostrophes, the required matrix can be written 

Mp u ) 




-X 









Y 


-X 


-•) 


(34) 


Z 


Y 






+ x 


= x\ 


—a 2 \Z - 


VY = Y' , a 12 Z = Z' and 



dropping the apostrophes, the required matrix can be written 

/Y t + ZQ 1 -X Z \ 
Mp 12 ) = ZQ 2 Y -X -Z . t = /3 - 2, (35) 




Let us observe that both schemes relative to 3n and 3i2 are supported at at most t + 1 points 
lying on a triple line (X — in our basis) and that their multiplicity is e(3) = 3 + 3t ([6]). 
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With a very similar computation it is possible to see that, apart from a coordinate change, a 
lifting ^2 of belongs to S iff its H.B. matrix has the following shape 



M(3 2 ) 



{x+vy + zQi 

ZQ 2 
ZQ 3 



-X 
X + Y 
Z 





-X 
X 








Y 



) 



(36) 



where Pi,P 2 ,P3 are forms of degree t — 1 in K[X,Y, Z]. The corresponding schemes, still of 
multiplicity e(3) = 3t + 3, are all supported at two different lines (X = and F = 0). The 
intersection of the two lines is one of the points in the support of the scheme; as a consequence, 
the ideals cannot be obtained by lifting an ideal of type (|29|) . 

The characterization of the elements of S with a(3) > 3 is more difficult to be faced, also for 
ideals generated in two degrees. In fact, the request of (|^|) (and the analogous for the lifting of 
^2) are replaced by the requirement that a system of non linear equations {E u (a,ij, X v ) = 0}, in 
a set {X v ,v — 1, ...,a — 1} of variables, admits no solutions. Such a condition defines the entries 
a^'s of the matrix A as the elements for which the ideal generated by the E u J s is the whole ring 



K[Xi, A a -i]. 
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